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We propose a theoretical scenario to solve the proton radius puzzle which recently arises from the 
muonic hydrogen experiment. In this framework, 4 + n dimensional theory is incorporated with 
modified gravity. The extra gravitational interaction between the proton and muon at very short 
range provides an energy shift which accounts for the discrepancy between spectroscopic results 
from muonic and electronic hydrogen experiments. Assuming the modified gravity is a small 
perturbation to the existing electromagnetic interaction, we find the puzzle can be solved with 
stringent constraint on the range of the new force. Our result not only provides a possible solution to 
the proton radius puzzle but also suggests a direction to test new physics at very small length scale. 
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1.   Introduction 
The charge radius of the proton has drawn a lot of theoretical interest since a very 
precise Lamb shift measurement has been performed on muonic hydrogen.1 The 
measured rms charge radius rp = 0.8418(7) fm is significantly smaller than the CODATA 
value of 0.8775(39) fm, which is a combined result from electron scattering experiments 
and atomic hydrogen spectroscopy.2 A recent measurement on the hyperfine transition in 
muonic hydrogen yields a result of rp = 0.84087(39) fm and reinforces the proton radius 
puzzle.3 Numerous investigations have been attempted to explain this puzzle and they 
include, for example, multi-photon exchange correction to the electron scattering results4, 
peculiar electromagnetic form factors that may mislead the interpretation of the scattering 
data5 and differences in interaction between muon and electron6-7 which directly imply 
physics beyond standard model. Pohl and coworkers have recently examined all 
experimental methods together with theoretical models8 and conclude the proton radius 
puzzle is real. Although the existence of new physics in muonic atoms seems unlikely, it 
cannot be ruled out. Previously, we have looked into the empirical constraints on extra 
dimension theories using atomic transition frequencies of hydrogen and muonium.9 
Similar ideas of using spectroscopy to constrain/probe extra dimensions/gravitational 
 
*
 Golden-Jade Fellow of Kenda Foundation, Taiwan. 
physics have also been studied in various places.10-12 In this paper, we look into possible 
gravitational interactions based on large extra dimensions (LEDs)13-19 for a possible 
solution of the proton size puzzle. Specifically we adapt the theory by Arkani-Hamed, 
Dimopoulos and Dvali16 (known as the ADD model) to obtain the energy shift in atomic 
transitions. ADD model is proposed to explain why gravity is so weak compared with the 
other three known interactions. We found that it is possible to give an energy contribution 
of 0.31 meV (75 GHz) to muonic hydrogen 2P  2S transition from some ADD models 
to explain the proton radius puzzle. In section 2, we review atomic energy levels and 
nuclear radii. In section 3, we adapt the ADD models to calculate the relevant energy 
shift. In section 4, we summarize with discussions. 
2.   Atomic Energy Levels and Nuclear Radii 
The non-zero nuclear size could affect the atomic transition frequencies due to distortions 
of the Coulomb potential when the electron has the probability inside the nucleus. This 
volume effect has been known as field shift in atomic transitions and formed the basis for 
spectroscopic determination of the nuclear charge radii. For atomic hydrogen, the field 
shift is (in SI unit): 
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Where (0) is the wavefunction of the electronic state of interest at origin. Providing that 
all other contributions including QED and hadronic effects for atomic energy levels can 
be calculated very precisely, the difference between measured transition frequencies and 
theoretical calculations can then be attributed to finite nuclear size. This method has been 
widely used in simple atomic systems where the wavefunction can be calculated precisely 
and valuable results are obtained using high-resolution laser spectroscopy.20-22 In the case 
of muonic atom, the effect of field shift is much larger since muon is 207 times heavier 
than electron and is several million times more likely to appear inside the proton. 
However, since the muon’s Bohr radius is only about 300 times larger than the proton 
radius, it is not quite accurate to assume the muon’s wavefunction is constant across the 
proton’s volume. As a result, higher order effect and the proton’s charge distribution have 
to be considered. The predicted 2S1/2, F=1 to 2P3/2, F=2 energy difference is given in Ref. 1 
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where rp is given in fm. The discrepancy arises when the measured result is different 
from the predicted value using Eq. (2) and with rp = 0.8775(39) fm from CODATA. 
Namely, 0.31 meV or 75 GHz higher in transition frequency is obtained. No other effects 
can be found so far to produce such large energy shift. Since the results from electron 
scattering experiments and hydrogen atomic spectroscopy are in reasonable agreement, 
the discrepancy has bothered physicists for years after the result was announced and is 
the so-called proton radius puzzle.  
To solve this puzzle, we introduce an extra interaction VLED due to modified gravity 
within very short range between the proton and lepton. Since the interaction is attractive, 
 
it provides extra binding for the 2S lepton while the 2P lepton receives negligible effect 
due to vanishing wave function at origin. If we assume VLED acts as a small perturbation, 
the energy shift due to the new interaction can be estimated using perturbation theory and 
is set to be 0.31 meV to make up the higher measured transition energy. 
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 , a0 = 2.85  10-13 m is the Bohr radius of the 
muon. By choosing appropriate integration limits, the parameters for VLED can then be 
determined. In the following section, we use ADD model to construct the extra 
interaction. 
3.   Large Extra Dimensions and ADD Model 
Gravity theory with large extra dimensions provides such energy shift in the right 
direction. For muonic hydrogen, the gravitational binding of muon to the proton is larger 
than that for electron in the hydrogen. The ADD model used here is first proposed by 
Arkani-Hamed, Dimopoulos and Dvali15 to solve the gauge hierarchy problem for gravity. 
Suppose there are n extra dimensions of radius ~ Rn and only gravity can propagate into 
extra dimensions, the gravity at very short range can be much stronger than the normal 
gravity. Two test masses of mass m1, m2 placed within a distance r < Rn will feel an 
attractive gravitational potential which can be constructed using (4 + n) dimensional 
Gauss’s law and is written explicitly as 
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Continuity condition gives 
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where Mpl = 1.22  1019 GeV/c2 is the Planck mass scale. From Eq. (5), we have the 
following relation between Rn and the mass scale Mpl(4+n) 
 
Rn ~ π-1 10-19+(32/n)(1TeV/Mpl(4+n))1+(2/n) m.                                (6) 
 
In the ADD models with n extra dimensions, the mass scale Mpl(4+n) and the extra 
dimension radius are related. Their exact relation depends on the topology and structure 
of the extra dimensions, i.e. the details of the theories.   
We can now calculate the extra binding energy for muonic hydrogen with this 
modified gravitational potential using Eq. (3). The integration limit is set according to the 
following argument. The upper limit is Rn as one can expect since the modified gravity 
only exists within this radius. Newtonian gravity above this range contribute negligible 
energy shift and is usually neglected. The lower limit corresponds to a cutoff range 
within which the muon cannot penetrate and it represents a hard core effect.23 In our 
simple phenomenological approach, there are two parameters – the mass scale 
(equivalently, the size Rn of compact dimensions) and the hard core cutoff radius. The 
physics will depend on how the topology of compact dimensions and how they are 
curved (e.g., flat, with constant curvature or else). To simplify things, we just use a cutoff 
radius and this treatment is also often utilized in other fields of physics. For example, in 
calculation of nuclear structure, hard core of nucleons with parameterized radius is used 
to represent the repulsive forces at short distance and prevent the nuclear matter from 
being too dense.24 In N-body simulations of astronomical objects, a maximum force 
between two objects is assumed so that the interaction will not become divergent at zero 
range.25 In theories with extra dimensions, brane-crystals have been utilized to generate 
large extra dimensions and the D-branes experience a van der Waals force combined with 
a hard core repulsive interaction and lead to stable lattices.26-28 In the evaluation of Rn, we 
use simple hard core models with different radii. The values include the proton radius 
scale ~10-15 m, the electroweak length scale 10-18 ~ 10-19 m and the smallest length scale 
that LHC can probe. The proton radius is a natural choice of the cutoff range if we 
assume the proton is a uniform sphere and thus the gravitational interaction quickly 
decreases if the lepton is inside the proton. The electroweak length scale is also used 
according to the ADD model that the gravity should switch off theoretically at distances 
below this scale. The last one is the limit of the quark size. This represents the possible 
quark structure and can be probed at LHC in the future. The results are shown in Table 1. 
 
 
Table 1. The size Rn and mass scale Mpl(4+n) of LED which gives correct energy contribution of 0.31 meV 
to solve the proton radius puzzle in hard core models with core radius r0 of 1 fm, 1 am, 0.1 am and 0.02 
am. The selection of the various hard core radii is explained in the text. 
Size (Rn) in m and mass scale Mpl(4+n) in TeV/c2 of the LED  
n 
 r0 = 1 fm r0 = 1 am r0 = 0.1 am r0 = 0.02 am 
Rn 5.010-4 4.810-5 2.210-5 1.310-5 
3 
Mpl(4+n) 4.810-4 2.010-3 3.110-3 4.310-3 
Rn 6.810-7 2.210-8 6.810-9 3.110-9 
4 
Mpl(4+n) 2.810-4 2.810-3 6.010-3 1.010-2 
Rn 1.310-8 2.010-10 5.110-11 1.910-11 
5 
Mpl(4+n) 1.910-4 3.710-3 9.910-3 2.010-2 
Rn 9.010-10 8.710-12 1.910-12 6.410-13 
6 
Mpl(4+n) 1.510-4 4.710-3 1.510-2 3.310-2 
Rn 1.310-10 9.210-13 1.810-13 5.610-14 
7 
Mpl(4+n) 1.210-4 5.710-3 2.010-2 5.910-2 
 
  
4.   Summary and Discussion 
In summary, proton radius puzzle may be explained by the energy contribution of 75 
GHz to muonic hydrogen 2P  2S transition from exotic interaction. Modified gravity 
theories with large extra dimensions may give such exotic contributions. In Table 1, the 
cases for the hard core radius r0 = 1 fm (n = 3-7) are ruled out by the hydrogen and 
muonium spectroscopic data.9 All other n = 3 cases are also inconsistent with the 
muonium bounds.  
In Table 1, the mass scale Mpl(4+n) are calculated from Eq. (6) for ADD models. The 
present lower limit from ATLAS on the mass scale of large extra dimensions is 2 TeV.29 
As we can see, the ADD model is no longer tenable as it is. However, here we treat it as a 
phenomenological framework for exploration. We have also performed the calculation 
for muonic deuterium and found the energy shift of the same transition is 0.73 meV (176 
GHz), which is mainly due to the stronger gravitational force from the deuteron and also 
from slightly reduced Bohr radius in the muonic deuterium system. More spectroscopic 
experiments on muonic hydrogen, muonic deuterium and muonium are important to test 
this scenario. We also emphasize here that even the proton radius puzzle is resolved in 
the future for other reasons, our analysis can still serve as putting stringent constraints on 
the dimension scales of modified gravity due to large extra dimensions.  
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